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Abstract 
The vibrations of a workpiece during machining shorten the tool life and deteriorate the surface roughness in cases where the 
workpieces have a low stiffness (as is the case with artificial hip joints). In this paper, we propose a method to reduce the vibrations 
of the workpiece at the cutting point; this method is based on an algorithm that generates a cutting path to minimize workpiece 
displacements. The generation of the cutting path takes into account the workpiece stiffness, cutting force vectors, the material 
removal process, feed directions, and tool orientation. The cutting path generation algorithm generates cutting path strategies based 
on the relationships among cutting force vectors, feed directions, and tool orientation, all of which are measured with machining 
experiments. 
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1. Introduction 
Tool and/or workpiece displacements that occur 
during machining are important issues in the design of 
the cutting process, because these displacements 
deteriorate the accuracy of the machined parts and 
shorten tool life. Such workpiece displacements are 
caused when flexible parts such as artificial hip joints 
are machined, because flexible parts have a low stiffness. 
Previous studies on the machining of flexible parts 
have focused on the prediction of machining errors 
caused by cutting forces [1], and on compensation for 
force-induced errors [2]. Most of the compensations 
described in the literature were achieved through the 
manipulation of cutting conditions. López de Lacalle et 
al. [3] reduced tool deflections by considering the 
cutting forces and calculating them for every 15°on the 
plane tangent to the milled surface, and then selecting a 
cutting path that minimized the mean value of the tool 
deflection force on the surface. However, workpiece 
stiffness was not considered in this method. Lee et al. [4] 
reduced the workpiece displacement of cantilever-
shaped thin plates by changing the feed direction and 
cutter orientation in ball-end milling operations, but the 
cutting force and workpiece stiffness were not 
considered theoretically. Smith and Dvorak [5] reported 
on cutting path strategies for milling thin webs. However, 
these cutting path strategies were given empirically. 
Cutting paths are currently generated using commercial 
CAD/CAM. These programs can optimize the feed rates 
to maintain the cutting forces or shorten the machining 
time, but cutting paths cannot be changed to minimize 
workpiece displacements. We previously proposed an 
algorithm to determine the material removal process, 
feed directions, and tool orientation necessary to 
minimize workpiece displacements; this was done by 
considering workpiece stiffness and cutting force vectors 
[6]. This cutting path generation algorithm can generate 
a cutting path strategy to minimize workpiece 
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displacements in a rough cutting path. 
In the current study, cutting paths are generated using 
the relationships among cutting force vectors, feed 
directions, and tool orientation; these parameters are 
measured in machining experiments. We then conduct 
numerical calculations to compare one conventional and 
two optimized cutting paths. 
2. Cutting Path Generation Algorithm 
We previously proposed a cutting path generation 
algorithm to minimize workpiece displacements at the 
cutting point. The basic idea of this cutting path 
generation algorithm is to decrease the workpiece 
displacements at the cutting point by orienting a cutting 
force vector to the direction that has the highest 
workpiece stiffness, because workpiece stiffness has 
anisotropy resulting from the workpiece shape. In the 
current study, the cutting path consists of a material 
removal process, feed directions, and tool orientation. 
These three components are used as variables for cutting 
path generation. The material removal process changes 
the workpiece stiffness during machining, while feed 
directions change the direction of the cutting force 
vector. Tool orientation changes the norm and direction 
of the cutting force vector. By changing these three 
components, the cutting path generation algorithm 
generates a cutting path strategy to minimize workpiece 
displacement as a rough cutting path. 
Figure 1 illustrates the cutting path generation 
algorithm. This algorithm generates the cutting path by 
considering workpiece displacement at the cutting point 
as an objective function and adding materials to the final 
workpiece shape. The finite element method (FEM) is 
used to calculate the workpiece displacement and the 
direction that has the highest workpiece stiffness, due to 
the method’s facility in adding and removing material 
when changing the shape of a workpiece. 
First, candidate elements to be added to the current 
workpiece are located. These candidate elements exist 
on the surface of the current workpiece shape. 
Second, the workpiece displacement at the cutting 
point is calculated for each candidate element. In 
addition, for each candidate element, the feed direction 
and the tool orientation are optimized to orient the 
cutting force vector to the direction that has the highest 
workpiece stiffness, and to minimize workpiece 
displacement at the cutting point. Thus, the relationships 
between the cutting force vectors, feed directions, and 
tool orientation must be measured before conducting this 
algorithm. Note that constraint conditions are imposed to 
avoid undesired interference by the tool, to 
accommodate the structure of the machine tool, and to 
consider the milling directions. 
Third, the element that minimizes the workpiece 
displacement at the cutting point is selected from all 
candidate elements, and the workpiece shape is updated 
by adding material to this element.  
Fourth, these calculations are iterated until the 
workpiece shape has become identical to the initial 
workpiece shape. The calculation results show the 
cutting path strategy for the workpiece as a rough cutting 
path.  
3. Relationships among Cutting Force Vectors, Feed 
Directions, and Tool Orientation 
3.1. Experimental conditions 
Figure 2 shows a schematic view of the trunnion-
type five-axis machine tool that was used for the 
machining experiment. The tool orientation is 
 
 
Fig. 2. Schematic view of trunnion-type five-axis machine tool 
 
Fig. 1. Cutting path generation algorithm. 
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Fig. 3. Schematic view of experimental setup at milling direction: 
up cut milling 
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determined with the B-axis and C-axis. Figure 3 shows 
a schematic view of the experimental setup for up cut 
milling. The workpiece size is 52 ×52 ×70 mm, and the 
measured cutting forces are logged by a PC. The 
standard deviations of the measured cutting forces in the 
X-, Y- and Z-axes during the non-cutting period are 0.43, 
0.29, and 0.36 N, respectively. 
Table 1 lists the experimental conditions. Figure 4 
shows the definition of the tool orientation on the tool 
coordinate system. In this figure, the XY-plane and the 
+X-direction represent the machined surface and the 
feed direction on the tool coordinate system, respectively. 
In the experimental setup, tθ  and tφ  are determined 
with the B-axis and C-axis, respectively. The cutting 
forces are measured at 11 different tool orientations for 
each milling direction. When the milling direction is 
changed, the workpiece position on the tool coordinate 
system is also changed. Thus, the sign of tφ  also changes, 
as shown in Table 1. The premachined workpiece 
surface was machined beforehand with tθ  = 0°, tφ  = 0° 
under the same machining conditions used in the 
machining experiment. After the premachining, the used 
cutting tool is exchanged for a new one. The cutting 
forces are measured three times for each tool orientation.  
3.2. Experimental results 
The mean values of the cutting forces are calculated 
from the measured cutting forces during a single 
machining path. In this report, the mean cutting force 
vector is defined as the mean value of the cutting 
forces in the X-, Y- and Z-axes. The norms are 
calculated from the mean cutting force vectors. This 
norm is calculated as the length of the mean cutting 
force vector. Tables 2 and 3 present the relationships 
between the tool orientation and the cutting forces on 
the tool coordinate system during up cut and down cut 
milling, respectively. As shown in these tables, 
changes in the tool orientation change the norms and 
directions of the mean cutting force vectors. As tθ  is 
increased, the norms of the mean cutting force vectors 
are decreased. As tφ  is changed to ±90°, the norms of 
the mean cutting force vectors are increased. In theory, 
the tool orientation does not change the chip volume 
per tooth. Thus, because the cutting tool is a ball-end 
mill, these effects result from the end cutting edges, 
cutting speeds, and cutting edge shapes. As tθ  is 
increased, the end cutting edges separate from the 
machined surface, the cutting speeds on the cutting 
edges that concern machining are increased, and the 
cutting edge shapes that concern machining change. 
As tθ  is changed from 0 to ±90°, these changes occur 
in reverse. 
4. Numerical Calculation 
4.1. Calculation setup 
Optimized cutting paths are generated based on the 
relationships among feed directions, tool orientation, and 
mean cutting force vectors. Figure 5 shows the 
workpiece shape and the material removal area on the 
workpiece coordinate system. The workpiece stiffness in 
the Z-axis is higher than that for the X- and Y-axes, 
because the workpiece shape is a cantilever. The tool 
orientation at tθ  = 0°and tφ  = 0° is set to be parallel to 
the Y-axis. The machined surfaces on the tool coordinate 
system are set to be parallel to the XZ-plane on the 
workpiece coordinate system. Hexagonal elements are 
used in the FEM. The element size is 2 × 2 × 2 mm. This 
Table 1. Experimental conditions 
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0 degree,
22.5 degree,
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(Down cut milling)
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Fig. 4. Definition of tool orientation on tool coordinate 
system 
tθ
tφ
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Table 2. Relationship between tool orientation and cutting force on tool coordinate 
system at milling direction: up cut milling 
 
34.0 -26.8 -14.9 14.8 -90.0 8.0 
26.2 -18.5 -14.0 12.3 -67.5 8.0 
22.1 -14.3 -12.1 11.6 -45.0 8.0 
20.1 -12.6 -10.5 11.7 -22.5 8.0 
18.4 -10.6 -8.8 12.1 0.0 8.0 
32.4 -23.7 -13.3 17.6 -90.0 4.0 
27.6 -18.4 -13.1 15.8 -67.5 4.0 
25.1 -16.0 -12.3 15.1 -45.0 4.0 
23.2 -14.1 -11.0 14.8 -22.5 4.0 
21.3 -11.9 -9.7 14.8 0.0 4.0 
29.6 -19.8 -10.8 19.3 0.0 0.0 
Norm of mean 
cutting force 
vector (N)
Mean Value of 
cutting force in 
Z direction (N)
Mean Value of 
cutting force in 
Y direction (N)
Mean Value of 
cutting force in 
X direction (N)(degree)(degree)
tθ tφ
element size is larger than the machining conditions. 
When the removal area represented by one element is 
removed, the cutting path generation algorithm 
calculates a combination of feed direction and tool 
orientation inside the element. Thus, an element size is 
always larger than or equal to the machining conditions. 
The number of elements inside the material removal area 
is 25, and the relationships among the feed direction, 
tool orientation, and mean cutting force vectors are input 
as an input table. The input table has cutting force data 
for every 1° within the range from tθ  = 0 to 8° and from 
tφ  = 0 to ± 90° during up cut and down cut milling. 
These cutting force data are calculated by interpolating 
the measured mean cutting force vectors shown in 
Tables 2 and 3. The workpiece material is Ti-6Al-4V, 
which has a Young’s modulus of 113 GPa and a 
Poisson’s ratio of 0.3.  
Three cutting paths are compared: 1) the X Feed Path, 
2) the Process and Feed Optimized Path, and 3) the All 
Optimized Path.  
The X Feed Path is the cutting path that is typically 
used to machine a workpiece of low 
stiffness. Figure 6 shows the material 
removal process and feed direction of the X 
Feed Path. The material removal process is 
conducted in the order of the material 
removal numbers. In this path, the feed 
direction is fixed to the -X-direction, and the 
milling direction is down cut milling. 
In the Process and Feed Optimized Path, 
the material removal process and feed 
directions are optimized with the cutting 
path generation algorithm. The tool 
orientations are fixed to tθ  = 0° and tφ  = 0°; 
the milling directions are able to change to 
up cut or down cut milling. Thus, this 
cutting path can be conducted with three-
axis machine tools.  
In the All Optimized Path, the material 
removal process, feed directions, and tool 
orientation are optimized with the cutting 
path generation algorithm. The tool 
orientation changes within the range from 
tθ  = 0 to 8° and from tφ  = 0 to ±90° under 
up cut and down cut milling. Thus, this 
cutting path can be conducted with five-
axis machine tools. 
Calculations are carried out using a 
computer with a 2.67 GHz Intel(R) Xeon(R) 
CPU. The algorithm and FEM codes are 
written in MATLAB R2009b, and the 
Microsoft Windows 7 operating system is 
used. 
4.2. Calculation results 
The calculation time for each cutting 
path generation was approximately 8 h. Figures 7 and 8 
show the material removal process of the Process and 
Feed Optimized Path and the All Optimized Path, 
respectively. Figure 9 shows the feed direction angles of 
the three cutting paths. Figure 10 shows the definition of 
the feed direction angle. As shown in Fig. 9, the feed 
direction angles on the two optimized cutting paths 
change on each removed element. These feed directions 
Table 3. Relationship between tool orientation and cutting force on tool coordinate 
system at milling direction: down cut milling 
 
35.1 -21.2 -27.6 -4.9 90.0 8.0 
29.2 -14.3 -25.0 -4.6 67.5 8.0 
24.9 -11.7 -21.5 -4.8 45.0 8.0 
22.8 -11.0 -19.1 -5.8 22.5 8.0 
20.6 -9.7 -16.9 -6.7 0.0 8.0 
34.7 -22.1 -25.4 -8.5 90.0 4.0 
31.0 -17.5 -24.1 -8.4 67.5 4.0 
28.6 -15.4 -22.7 -8.1 45.0 4.0 
26.8 -14.3 -21.1 -8.2 22.5 4.0 
25.0 -13.0 -19.3 -9.0 0.0 4.0 
32.0 -21.0 -20.9 -12.0 0.0 0.0 
Norm of mean 
cutting force 
vector (N)
Mean value of 
cutting force in 
Z direction (N)
Mean value of 
cutting force in 
Y direction (N)
Mean value of 
cutting force in 
X direction (N)(degree)(degree)
tθ tφ
10 mm
10 mm
50 mm
10 mm
2 mm
Material 
removal area
Workpiece
Fixation 
condition
Z
X
Y
 
 
Fig. 5. Workpiece shape and material removal area on workpiece 
coordinate system 
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are optimized to align the mean cutting force vector with 
the direction that has the highest workpiece stiffness. 
For the Process and Feed Optimized Path, the 
calculation results include up cut milling and down cut 
milling. For material removal numbers 3, 4, 8, 9, 13, 14, 
18, 19, 23, and 24, the milling directions are up cut 
milling. For all other material numbers, the milling 
directions are down cut milling. 
For the All Optimized Path, the tool orientations are 
always tθ  = 8°, tφ  = 0°, and the milling direction is 
always down cut milling. As shown in Table 2, the tool 
orientation tθ  = 8°, tφ  = 0° has the smallest norm of the 
mean cutting force vector in down cut milling. However, 
the norm of the mean cutting force vector at tθ  = 8°, tφ  = 
0° for up cut milling is smaller than that for down cut 
milling. The reason why up cut milling is not selected is 
that the mean cutting force vector at tθ  = 8°, tφ  = 0° for 
this type of milling is not able to be oriented to the 
direction that has the highest workpiece stiffness with 
the constraint condition of feed directions. This 
constraint condition results from considering milling 
directions. 
As shown in Figs. 7 and 8, the material removal 
processes on the two optimized paths are different from 
each other. This is mainly because the milling directions 
on the Process and Feed Optimized Path include both up 
cut milling and down cut milling, but those of the All 
Optimized Path include only down cut milling. 
Figure 11 shows the workpiece displacements at the 
cutting point of the three cutting paths. As shown in this 
figure, the All Optimized Path has the smallest 
workpiece displacement of the three.  
Figure 12 shows the norms of the mean cutting force 
vectors on the three cutting paths. Figure 13 shows the 
angles between the mean cutting force vector and the 
direction that has the highest workpiece stiffness. This 
angle changes within the range from 0 to 90°. When this 
angle is equal to 0, the mean cutting force vector aligns 
with the direction that has the highest workpiece 
stiffness. 
As shown in Fig. 12, the norms of the mean cutting 
force vectors in the X Feed Path and the Process and 
Feed Optimized Path are approximately the same. 
However, the workpiece displacements at the cutting 
point in the Process and Feed Optimized Path are 
approximately 28% smaller than those of the X Feed 
Path. This is because the angles between the mean 
cutting force vector and the direction that has the highest 
workpiece stiffness in the Process and Feed Optimized 
Path are smaller than those of the X Feed Path, as shown 
in Fig. 13.  
As shown in Fig. 12, the norms of the mean cutting 
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Fig. 6. Material removal process and feed direction of X Feed Path 
(Upper view of workpiece coordinate system) 
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Fig. 7. Material removal process and feed direction of Process and 
Feed Optimized Path (Upper view of workpiece coordinate system) 
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Fig. 9. Feed direction angle on three cutting paths 
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Fig. 8. Material removal process and feed direction of All Optimized 
Path (Upper view of workpiece coordinate system) 
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Fig. 10. Definition of feed direction angle on workpiece 
coordinate system (Upper view of workpiece coordinate system) 
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force vectors in the All Optimized Path are 
approximately 35% smaller than those of the Process 
and Feed Optimized Path. This is because the tool 
orientations for the All Optimized Path are tθ  = 8°, tφ  = 
0°. However, the workpiece displacements at the cutting 
point in the All Optimized Path are approximately 55% 
smaller than those of the Process and Feed Optimized 
Path. Decrements of the workpiece displacements at the 
cutting point are 20% larger than those of the norms of 
the mean cutting force vectors. As shown in Fig. 13, this 
is because the angles between the mean cutting force 
vector and the direction that has the highest workpiece 
stiffness in the All Optimized Path are 15° smaller than 
those of the Process and Feed Optimized Path. Thus, 
both the norms of the mean cutting force vectors and the 
angles between the mean cutting force vector and the 
direction that has the highest workpiece stiffness are 
reduced with changing tool orientation. This is the 
reason why the All Optimized Path has the smallest 
workpiece displacements at the cutting point in the three 
cutting paths. 
The cutting path generation algorithm generates 
rough cutting paths with changing tool orientation, feed 
directions, and the material removal process. These 
rough cutting paths provide cutting path strategies to 
reduce workpiece displacements at the cutting point.  
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Fig. 11. Workpiece displacement at cutting point on three cutting 
paths 
5. Conclusion 
The relationships among cutting force vectors, feed 
directions, and tool orientation were measured with 
machining experiments. Two cutting paths were 
optimized with the cutting path generation algorithm and 
measured cutting force data, then compared to the 
conventional cutting path. The results showed that the 
cutting path that was optimized with tool orientation, 
feed directions, and the material removal process had the 
smallest workpiece displacements at the cutting point. 
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Fig. 12. Norm of mean cutting force vectors on three cutting paths Acknowledgement 
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